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A QUASI-STATIC THERMOELASTIC ANALYSIS
OF A PROPAGATING CRACK

ROBERT A. LUCAS

Department of Mechanical Engineering, Lehigh University, Bethlehem, Pennsylvania

Abstract-The effects of heat generation by the plastic deformations occurring at the tip of a running crack in
quasi-brittle materials is considered. The changes in the surrounding elastic stress field are examined for the case
of a semi-infinite, constant velocity crack. It is found that the stresses immediately preceding the propagating
crack are reduced in intensity as a natural consequence of a material's irreversibility and that the magnitude
of this reduction increases with increasing crack velocity.
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INTRODUCTION

IN the study of material behavior it is found that for any real solid a limiting velocity of
fracture propagation exists. For the past two decades investigators have measured and
analytically estimated the level of this limiting fracture velocity. Explanations have been
offered based on static, quasi-static, and dynamic considerations. However, because of
the complexity of the phenomena both experimental results and analytical evaluations
still leave much unexplained. This is particularly true for the quasi-brittle materials and
the complicating effects of environmental temperature.

A comprehensive summary of the current crack propagation theories can be found in
[1] by F, Erdogan, Briefly, the results indicate that by a dynamic analysis of a sufficiently
large body, in which the resistance to fracture is constant and the fracture surface is
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restricted to a plane, the fracture velocity of the solid would approach the Rayleigh surface
wave velocity. Analytical results also show that at fracture velocities above 0·6 to 0·7 of the
elastic-shear-wave velocity, cz, the plane of the crack no longer is the maximum cleavage
plane. Hence, straight crack propagation in an isotropic solid is an unstable process and
either a slight material imperfection or a superimposed nonsymmetric secondary stress
component would cause the crack to bifurcate.

On the other hand, experimental investigations show that under normal conditions the
terminal fracture velocity in a solid may be as low as 0·2 Cz to 0·5 Cz. It is also found, in
spite of the known embrittling effects which occur at high strain rates in elasto-plastic
and viscoelastic materials, that greater fracture resistance results at the higher fracture
velocities. In general it is agreed that the reason for such low velocities is the dependence
of the fracture energy, which is the material parameter characterizing the fracture resistance
of the solid, on the fracture velocity. The fracture energy has two main components; the
conventional surface energy of the solid, and the dissipative energy caused by the irre
versible phenomena occurring in the dissipation zone around the periphery of the propagat
ing crack. In most technological materials the surface energy is very small compared to
dissipation and is likely to be independent of the crack velocity. Again in real materials,
the main source of irreversibility is the plastic deformations and/or the viscous flow.

For some time it has been noted that at the slip bonds the local plastic work may cause
relatively high temperature gradients. As early as 1944 Zener and Hollomon [2] reported
that in their high strain rate tests local metallurgical changes occurred which are charac
teristic of steel being rapidly quenched from a high state of temperature. Similar concepts
were also used by Nadai [3] to explain Wessel's experimental results of ductile metals at
extremely low test temperatures. Recently, in metallurgical examinations of fracture
surfaces, Sullivan [4] has found evidence of localized material quenching.

In the evaluation of the deformations of solids, considered on a bulk basis, it has
been reasoned that even if the entire plastic work is transformed into heat, the resulting
temperature rise of the solid would at most be a few degrees Fahrenheit. This and the
relatively high diffusion rates of most materials at the typical deformation speeds con
sidered, have been sufficiently valid reasons for investigators to ignore any thermal effects
in their studies. However, in the case of quasi-brittle fracture propagation these same effects
are no longer bulk occurrences. Rather, they are highly localized and correspondingly
magnified phenomena.

For example, consider the heat generation and the resulting thermoelastic coupling
caused by the plastic or viscous deformations occurring at the tip of an advancing crack.
In this case these effects are occurring in the region that has the greatest influence on the
propagation behavior of the crack. The density of the plastic work causing heat generation,
being proportional to the local plastic strains, may also be considerably high when local
material failure occurs at the crack front. Furthermore, the diffusion of the heat to the
surrounding media by conduction or other means becomes negligible with increasing
fracture velocity. Hence, any heat that is generated is entrapped in the dissipation zone of
a propagating crack.

Therefore, viewing these irreversible phenomena at this localized scale rather than on
a bulk basis, it would appear that a feasible argument could be made for the need to con
sider the thermal effects in the study of quasi-brittle fracture propagation. The influence of
these effects increasing in significance for fracture velocities of solids approaching the ter
minal level.
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Assuming then the existence of a dissipation zone at the tip of a moving crack, it is
the object of this investigation to determine the analytical significance such irreversibilities
would have on the behavior of quasi-brittle fracture propagation.

In the Appendix the necessary Green's functions are determined for the evaluation of
the thermoelastic stresses present in a wedge-shaped body in which heat is being generated.
These results are then applied in the following section to the analysis of a constant velocity
crack.

THE ANALYSIS OF A PROPAGATING CRACK

At the tip of a crack a high and very localized region of stress exists. It may be assumed
that within this region and proceeding with the crack, plastic work is being done. If these
deformation processes are slow, the heat generated by the plastic work is dissipated by
conduction throughout the material as it occurs. Consequently the process is considered
to be isothermal and no thermal stresses would result. However, as the velocity increases
and correspondingly the plastic work rate, the heat as it is generated becomes entrapped.
In this case additional stresses are imposed by the process which is now considered to be
adiabatic.

For the adiabatic case the effects of the heat generation may be singled out for a thermo
elastic evaluation. In this way one may account for the irreversibilities which occur at the
crack tip and in tum examine the changes in the elastic stress field which surrounds the
propagating crack without formally solving a problem in plasticity.

In the region where the plastic deformations are occurring essentially all of the energy
is converted into heat. The only recoverable part is that due to the contained elastic deforma
tions. In general this part is comparatively small and for most engineering materials may
be ignored.

Applying then the principle of conservation of energy, the amount of the specific heat
energy associated with these deformation processes can be evaluated from the inelastic
work as

Q = up = 1 f(J .. dE!"
P J J I} I}'

(1)

(2)

where the integral is taken over the actual strain path from some initial state of the material
and J is the mechanical equivalent of heat. For the plane problem considered the total heat,
Q~, developed as a result of the distributed inelastic work is then,

Q~ = LQpdA,

where A is the region of plasticity developed at the crack tip.
At the present time no analytical solution to describe the elastic-plastic deformations

for an opening mode crack is available. Hence, neither (1) nor (2) can be formally evaluated.
In an attempt to overcome some of these current difficulties we cite McClintock and
Irwin's recent publication [5]. In this study the authors present an analysis for obtaining
order-of-magnitude estimates of the plasticity effects.

For our thermoelastic analysis of the propagating crack, it is assumed that the heat
generated by the region of plastic work may be approximated as an arrangement of instan
taneous heat sources. The heat sources are assumed to be uniform in strength and distri
buted over a small circular region of radius R, centered at the tip of the crack. The actual
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section may not, in fact, be circular but this measure can be regarded as an equivalent
section to the true shape.

Expressed in cylindrical coordinates the line sources of strength qp are,

q = -~r' dr' de'
p JpC

(3)

where up is the average of the equivalent specific plastic work.
The stresses, resulting from the assumed distribution, are obtained directly from

equation (A18) as,

(4)

Similarly, from (A23), one obtains for the asymptotic behavior of the stresses for small r,

- p cos ~( 1+ sin2~) r- t +O(rO)

e
- P cos3-r- t +O(ro)

2

are = -iP sin ecos ~r-!+ O(rO)

P = 2ErxupR! T(d 1~)
31£(1- v)JpC 2" 2(Ktyt

(5)

with T(a, b, z) representing the Toronto function.
For the crack, moving at a constant velocity V, both the size and shape of the region

of plastic work, as well as the rate of deformation, up, are independent of time. Hence, the
resulting quasi-static thermoelastic stress state can be evaluated directly from equations
(4) and (5) by the technique described previously in conjunction with equation (A24). In
this way the stresses near the region of heat generation are found to be,

a:r = -p* {''' P- t (Pl+P2)!(3Pl-P2)Pi" 2
1F1Ci,2, -ap)dp

a1e = -p* {ro P-t (Pl +P2)tp i"21F1(i, 2, -ap)dp

a:e = -p* f: p! sin (J(PI +P2)!Pi" 21FtCi, 2, -ap)dp

a = Vt*fr, t* = R 2/4K,

pi = p2 -2pcose+l, P2 = pcose-I,

p* = ni)ErxupR!t*
3. 2!n(1- v)JpCr!a!'

(6)
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(7)

Completing the integration of 0"36 for y = 0 one obtains,

* - _2tP*{r2(!~ F (1 ~. 2~' )_ 4
3at F (1 l' 2.~. )}

0"66 - nt 2 24'4' ,4,aO Sr(!)2 22' ,4,4,aO ,

ao = Vt*lx.

where V is the velocity of the crack moving in the direction of the positive x-axis.
As the fracture velocity increases with respect to the material's characteristic thermal

time (t*) the stress, determined by equation (7), approaches as an asymptotic limit

(8)

It is convenient at this point to compute a quantity useful in photoelastic analysis;
specifically, the difference of the principal stresses, which is proportional to the isochromatic
lines. Thus, near the region of heat generation,

(9)

= -2t p* So'"' pl sin Opi t
1F1(i,2, -ap)dp.

Completing the integration of (9) results in,

101 < n. (10)

NUMERICAL RESULTS AND DISCUSSION

For a body in which heat is being conducted there is no thermal wave velocity to which
one can attach a meaning. Therefore, instead of a wave velocity, one uses as a reference
parameter the materials characteristic thermal time, t*. This being the time required for
the temperature at a point distant r from a source of heat to attain its maximum value. In
the case of an infinite body subjected to an instantaneous line source, as considered in this
investigation, the thermal time t* is r2 /4K.

In the analysis of the fracturing process it was assumed that the rate of heat generation
by plastic deformation is equal to or greater than the rate of heat removal by conduction.
To characterize this adiabatic process we define then, in addition to the thermal time t*,
the mechanical time 1, where 1 = riV. Hence, by the ratio of t*/1, one can examine the
effects of increased fracture velocity, here decreased mechanical time, for a particular
material's characteristic thermal time.

To establish the state of stress in the material as a function of the fracture velocity, it
is further assumed that the rate of deformation, up, occurring at the tip of a constant
velocity crack, is proportional to the crack velocity, as

. u
u =~V

p 2R

where up is the average equivalent of the specific plastic work.

(11)
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(12)

Hence, incorporating the definition for the adiabatic time ratio and the above assump
tion (11), we can express equation (7) for y 0 in the form,

* -K*_~
(J88 = ---,r 2

(2nl"

where

K* = rWEo:upR1 AS
6(2n)1(I - v)JpC

and

Ao = (t*)
1 r=R'

The asymptotic limit of the stress intensity factor, K*, as established in equation (8)
for Ao ~, is then

21r2(!)Ecm AtR1
K* = 9r2(~)(1- ~)JpC' (13)

The behavior of equations (12) and (13) as a function of Ao is displayed in Fig. 1. In
this nondimensional plot we find that as the material's crack velocity increases, the magni
tude of the stress, - (Jto also increases in size.
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If it is assumed that the radius, R, of the region of heat input can be estimated by Irwin's
plastic zone approximation [4J,

1 (K) 2R---
2n (J\,s

(14)

then the ordinate of Fig. 1 can also be expressed as a ratio of K* / K with a scale factor eq ual
ing [Eexu p/(2nyl:(1-v)JpC(Jys]. In this case, to examine the order-of-magnitude variation
that K* /K would have for a real solid, we consider as an example a material such as plain
carbon steel. Here the approximate values of E, v, ex, and (J \'s are taken to be 30 x 106 psi,
0'3,6 x 10- 6 in./inpF and 100 ksi respectively. Assuming that for this material the average
temperature rise occurring within the plastic zone for all crack velocities is of the order
10°F, then the typical range of values K* / K vs. A o would attain is as given on the right hand
ordinate of Fig. 1. If it is desired to compare K* /K with V, the crack velocity, the approxi
mate radius of the equivalent region of heat input and the materials thermal diffusivity
must be known. By multiplying Ao by the scale factor 4K/R the abscissa then represents
the corresponding velocity of fracture of the material.

In equation (10) it was established that the isochromatics for a moving source of heat
are of the form

(15)101 < n.
sinO C$j pt.-tcoso

,......, -tA-t ,m Amn r 0 l L... 0'
(COS8+1)4m=0 2m

In Fig. 2 the shape of these isochromatics for three values of Ao are presented.
From these results it appears that the influence of the region of plasticity on the elastic

field surrounding a running crack would be to modify the oncoming region while leaving
the trailing area relatively unchanged. If one knew the relative magnitudes of the iso
chromatics for both elastic cases, i.e., that which is causing the crack to run and that which
is due to the resulting heat generation, then superposition could be used to obtain an
approximate form of the isochromatics for a running crack. At the present level of under
standing, these magnitudes can only be conjectured. However, it does seem reasonable to
point out that the photographs of the isochromatic fringes as reported by Wells and Post
[6J and more recently van Elst [7J do appear to have modifications in their shape at the tip
of the propagating crack similar to that indicated in Fig. 2.

By assuming the presence of plastic work at the tip of a propagating crack it has been
possible to separate out the influence of this irreversibility from an existing crack driving
stress field. In this way we have been able to show that the stresses immediately preceding
the propagating crack are reduced in intensity as a natural consequence of a materials
irreversibility. Further, the magnitude of this reduction increases with increasing crack
velocity.

Continuing in the framework of our quasi-static analysis, it may be assumed that the
stress field for a running crack in the absence of plastic work is the same as that for the
elasto-static problem having the same crack length. Beyond the crack-border plastic zone
then, the tensile stress normal to the plane of expected crack propagation is, by superposi
tion,

(Joo = (K-K*)/(2nr)t. (16)

Hence the stress intensity factor normally associated with material evaluation can now be
separated into two distinct parts. In this way, the fracture energy's two main components,
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namely the conventional surface energy of the solid and the dissipation energy caused by
the irreversible phenomena occurring in the dissipation zone around the periphery of
the propagating crack, can be ascribed to two individual and independent stress intensity
factors.

The elastic stress analysis of the crack border given by equation (16) applies only to
crack velocities for which adiabatic conditions exist in the plastic zone. Hence, as thermal
diffusivity increases and/or the plastic zone size decreases, larger crack velocities are
necessary for adiabatic conditions to exist. Evidence to the effect was given in 1963 by
Irwin [8]. In this report he indicated that by an estimate of an isothermal-adiabatic velocity
boundary, one can predict the approximate crack velocity at which increasing material
toughness occurs.

To examine how well equation (16) predicts actual material behavior we refer to the
data from the University of Illinois wide plate test results [9, 10] and the further report of
this work by Eftis and Krafft [11]. In making the comparison, the value of K is taken to
be equivalent to the materials reported minimum toughness for adiabatic propagation,
K( = 37 ksi.Jin. The value of K* is then based on this value of K, considering K to be a
material constant at the larger velocities of propagation. As before, E, v, and IX are assumed
to be 30 x 106 psi, 0'3, and 6 x 10- 6 in./infF respectively. R, the equivalent radius of the
heat input zone is assumed equal to 0·0185 in., the reported value in reference [11 J of the
minimum adiabatic plastic zone size for the test material at - 12°F. Corresponding to
this zone size and in line with the estimates of reference [11 J, the average temperature rise
occurring at the crack tip is taken as approximately 20°F. The thermal diffusivity, K, for
this material at -12°F is estimated from reference [12J to be 0·028 in2/sec.

In Fig. 3 is presented a nondimensional comparison between the predicted increase in
material toughness K*/K and the actual material behavior (K-K)/K vs. Ao. K are the
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reported values of the University of Illinois wide plate test results as found in reference
[IIJ, Table 1. Although the numerical estimates used for the parameters in arriving at the
curve of Fig. 3 must, without experimental verification, be considered as order-of-magnitude
approximations, the analysis does appear capable of predicting the resulting changes in
material toughness with fracture velocity. Furthermore, the plausibility of these estimates
indicates that the parameters of K* are significant factors in determining the behavior of
a material in the adiabatic range of fracture velocities.

In conclusion, it may be stated that the presence of the compressive thermal stresses
at the crack tip tend to reduce the stress intensity for cleavage and increase the fracture
resistance of the solid. This being a natural consequence of a materials irreversibility.
Likewise, with these thermal effects taken into account, it is not difficult to explain why at
the high fracture velocities, crack extension is a stable process in the sense that if the
Ktotal value could be maintained constant the crack speed would also remain constant.
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(AI)

THERMAL STRESSES IN AN INFINITE WEDGE

In the following section we consider a wedge of an arbitrary angle having stress-free
boundaries and subjected to a heat pulse. The principal objective is to establish the Green's
functions for the stress analysis of a wedge with time-dependent heat generation.

In this analysis the inertia effects are neglected. Hence, depending on the time varia
tion of the heat input investigated, one may need to consider the magnitude of the ignored
inertia effects. In many cases of thermal loading these effects are small and their neglect
is justified. Examples of this can be found in the recent studies of dynamic thermoelasticity,
[13, 14, 15].

Largely for mathematical expediency, also ignored in this section are the effects of
temperature on the thermoelastic constants along with the thermoelastic coupling and
the anelastic behavior of the material.

The heat conduction and equilibrium equations, expressed in terms of displacements
in cylindrical coordinates, are

o2T 1 oT 1 o2T q 1 oT
tJr2 +~ Dr- + r2 oe2+ K' = ~ at

oe 2J1 oWz oT
(A+2J1) or-7 oe -(3A+2J1)0:a;:- = °

1 oe oWz 0: oT
(A+2J1)~ oe +2J1a;:-(3A+2J1)~ a8 = °

(A2)

where K' is the coefficient of heat conduction, q is the heat generated in a unit volume and
unit time, K is the coefficient of diffusivity. Aand J1 are Lame's constants, 0: is the coefficient
linear thermal expansion, T is the temperature and the dilatation e and the rotation W=,

in this coordinate system, are as follows:

o(ru) ov
e = ror + roe'

Consider now an infinite wedge, r > 0,
and boundary conditions

= ~(o(rv) _ ou) (A3)
WZ 2r or oe·

- {3 ::s; e ::s; p subject to the following initial

T(r, e, t) = 0, t ::s; °
oT(r, e, t)

oe = 0, e = ± {3, t > °
1

q(r, e, t) = Q-ti(r-r')ti(e-e')ti(t-t').
r

(A4)

(Jiir, e, t) = 0,

(J66(r, e, t) = 0,

t ::s; 0, (i,j = r, e)

(Jr6(r, e, t) = 0, e= ± {3, t> ° (A5)

where Q is the intensity of the heat source (Btu per unit thickness).
The solution of (AI) subject to (A4), for an instantaneous point source and wedge angle

taken as °::s; e::s; eo, was obtained by Carslaw and Jaeger [16]. Expressing their result for
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a line source in the wedge fJ ::; 0 ::; fJ and selecting only the symmetric part of the
solution corresponding to heat sources of strength qo/2 at r = r' and 0 = ±0/, \ve obtain

q (r
2
+ r/

2
) { (rr') 00 ( rr/ ) }T= 4K/Jt exp -~ . /0 2Kt +2 n~o /k 2Kt coskO'coskO

k = (n+ l)1T./fJ qo = Q/pC
(A6)

where p is the density and C the specific heat. The symmetric part is selected in anticipation
of the physical problem to be evaluated. For the more general solution of an arbitrarily
located source one need only include, by superposition, the ignored anti-symmetric
component of the temperature.

To solve (A2) we will use successively Mellin-Laplace transformations in variables
rand t. For a given suitably well-behaved function f(r, t) the Mellin-Laplace transform
pairs are formally defined as

j(p, s) = fooo e- S
! dt fooo f(r, t)rP -

1 dr

I fC

+
ioo

1 5r
+

ioo
Af(r, t) = 2 . r- P dp 2 . j(p, s) est ds.

1T.l c-ioo 1T.l r-ioo

(A7)

Taking into account the initial conditions, assuming that within the strip of regularity
containing the Bromwitch line of the Mellin inversion integral the functions T, u and v
are such that

as

r ..... 0 and r ..... 00

and integrating by parts, from (A2) and (A3) we obtain

d2~ dB A A

dlj2+BldO+B2u+B3T = 0

d2B d~ 6 dT
d02+B4dO+Bsv-B6d8 = 0

(A8)

(A9)

where T, t;, Bare, respectively, the Mellin-Laplace transforms of T, r-Iu and r-Iv and the
constants are given by

A A k*p
B I = -2--p+p B2 = -p(P-2) B3=-

J1. J1. J1.

J1. J1. k*
(AIO)B4 = 2+-p-p Bs = -p(p-2) B6 =-

A A A

A = )'+2J1. k* = (3), + 2J1.)1X.
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In a similar way the Mellin-Laplace transforms of the boundary and initial conditions,
(A5), and the symmetric temperature field, (A6), become

where

(

A dV) A ~ d~ A

A u + dO - ),(p - I)u - k* T = 0, dO - pv = 0,

T= ~0{Fo+2 Jo FkCOSkO'COSkO},

0= ±P (All)

(AI2)

, = 0, k. (A 13)

The solution of the domain equations (A9), subject to the temperature distribution
(AI2) and the boundary conditions (All), after some algebra results in the Mellin-Laplace
transforms of the displacements u and v.

In the expressions thereby found for ~ and V, it is noted that the Laplace parameter

appears only through F,(P, s). Hence, the Mellin transforms of the displacements are

obtained by simply replacing F, by Fe' which is given by

- I fOCJ (r2
+ ,2) (rr')Fe(p, t) = -4 exp --4- Ie ~ rP

-
1 dr,

Kt 0 Kt L.Kt
,= O,k. (AI4)

Through this Laplace inversion, the Mellin transforms of the stresses are obtained as,

(j = qoErx(p-2) {[~ 2 f (-I)nFkCoskO']
rr P(l-v)G(p,P) (P-2f+ n=O k2_(p_2)2

· [(p - I) (p + 2) sin(p - 2)P cos pO - p(p - I) sin p{3 cos(p - 2)8J

+ G(P,{3)[ Fo -2 f (k
2

+p-2)FkCOSkO'COSkO]}
(p-2) (p-2) n=O k2_(p_2)2 '

_ qoErx(p-2) {[ Fo OCJ (-I)nFkCOSke']
(JOO = {3(l-v)G(p,{3) (p_2f+ 2 n~o k2_(p_2)2

· [p(p - I) sin p{3 cos(p - 2)8 - (p - I) (p - 2) sin(p - 2)P cos pOJ

_( -I)G( {3)[~-2 ~ Fk cos kO' cos kO]}
p p, (p_2)2 /~o k2_(p_2)2 '

_ qoErx(p-2) {[ Fo OCJ (-I)"FkCOSkO']
(JrO = {3(l-v)G(p,{3) (p_2)2+ 2 n~o k2_(p_2)2

· [p(p - I) sin(p - 2){J sin pO - p(p - I) sin p{3 sin(p - 2)8]

_ 2(p - I )G(p, {3) f kFk cos kO' sin kO}
(p-2) n=O k2-(p-2f '

G(p, {3) = (P - I) sin 2{3 + sin 2(p - l){3.

(AI5)
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The stresses are obtained by using the Mellin inversion theorem:

I fC+iX)
(Jik, 8, t) = -2. aij(p, 8, t)r- Pdp,

nl c-iX)
(i,j = r,8). (AI6)

Equations (AI5) indicate that, since the Mellin inversion of F{ is known, by writing

X)

aij(p, 8, t) = Fo(P, t)iJp, 8)+ I Fk(p, t)iijn(P, 8),
n=O

(i, j = r,8), (AI7)

the stresses may be obtained as an infinite series of convolution integrals:

where

(AI8)

,= O,k (AI9)

and 'ij' 'ijn (i, j = r, 8; n = 0, 1,2, ...) are the inversions of iij, iijn, which are the co
efficients of the F{ as established in (A 15).

By examination of the aij' it is found that within the strip t< ~(p) < ~ the functions
remain regular and satisfy conditions (A8). Hence, by taking the line of integration at
c = 1 and writing p = 1+ iy, 'ij and 'ijn may be expressed in terms of real integrals as:

q Ea foo'rr = 0 [r(1 + I]2)NIr 1
nf3(1- v) 0

· {I][31]M 1 - M 2 - N I] sin(I] log r)

+ [1](2 - I]2)M 1 + 1]2M 2 - N I] cos(I] log r)} dl]

_ 2qoEa cos k8' fX) ( )-1
'rrn - nf3(1-v) 0 rN 1N 2

· {[( -ltl](1]2 _k2+ I)M 2 -( -ltl]2(k2+ 31]2 + 3)M 1

+ I](k2- 1]2 -I)N I] sin(I] log r)

+ [( -ltl](2k2+ k21]2 + 1]4 - 1]2 - 2)M 1 - (-ltl]2(k2+ 1]2 + I)M2

- (k4 - 2k2+ k21]2 + 1]2 + l)N d cos(I] log r)} dl]

qoEa fX) 2-1
'99 = nf3(l-v) 0 [r(I+I] )N 1] I][N 1 -M2-I]M 1]

· [sin(I] log r) - I] COS(I] log r)] dl]

2qoEa cos k8' fOO 2 2 - 1 n
'99n = nf3(l-v) 0 1](1] +l-k )(rN 1N 2) [(-1)(M2 +I]Md

+ N 1 cos k8] . [sin(I] log r) - I] COS(I] log r)] dl].

(A20)
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qoEa fro [ 2]- I
'r/i = nfJ(l- v) ° IJM3 r(1 + IJ )N I

. [(1J2 -1) sin(1J log r)+ 21J cos(1J log r)] dlJ

2qoEa cos kO' fro .
'r/in = [(-1)nlJ(1J2+1)M 3 +kIJNI smkOJ(N I N 2r)-1

nfJ(1-v) °
[(1- k2_1]2) sin(1] log r) - 21J cos(1] log r) d1]

M I = sin(fJ - 0) cosh(fJ +O)IJ + sin(fJ+ (J) cosh(fJ - (J)1]

M 2 = cos(fJ - 0) sinh(fJ+ (J)1] +cos(fJ + (J) sinh(fJ - (J)1]

M 3 = sin(fJ + (J) sinh(fJ - (J)IJ - sin(fJ (J) sinh(fJ + (J)IJ

N I = 1] sin 2fJ +sinh 2fJIJ

N 2 = [1J2+(k+l)2][1J2+(k-l)2]

k = (n+ l)n/fJ.
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For r < 1 (A15) may be inverted through the use of the residue theorem by completing
the contour in the half plane B?(p) < 1. If the behavior of the stresses in the vicinity of the
apex ofthe wedge is of primary interest, we need to examine merely the asymptotic behavior
of these inversions for small values of r. The leading terms in the asymptotic expansion
of the stresses will be contributed by the residues at those poles of aij which lie closest to
the line PA(p) c = 1.

It can be shown that at the zeros of k2
- (p - 2f the integrands remain regular and

therefore are not the locations of poles. Hence, the remaining singularities will occur at
the zeros of G(p, fJ) and may be obtained from

G = (p-l) sin 2fJ + sin 2(p-l)fJ = 0, P=!PI,!P2,'" (A2l)

A discussion of the distribution of the zeros !Pi of G has been given previously [17]. It
suffices to indicate that in the evaluation of the singular behavior of the stresses only !PI'
the largest algebraic singularity, is of importance.

With the location of the singularities thus established the evaluation of the leading
terms of the Tij and 'ijn may be made. Since the configuration of primary interest in this
investigation is the semi-infinite crack, (fJ n;!p I = t), only this result is reported.
From the residue theorem it follows that

qoEar- t O( . 0)
Trr(r, (J) = - 3n2(l- v) cos:2 1+ sm

2
:2 +O(ro)

_ 3qoEar- t (-1)ncosk(J' (J( . 2(J) 0
Trrn(r, (J) - - 2n:2(1 _ v)" k2 _ (W cos 2 1+sm :2 +O(r )

qoEar- t
3 0 °

T/i/i(r,O) = - 3n:2(l- v) cos 2+ O(r )

_ 3qoEar-: (_1)n cos k(J' 3 (J 0

T/i/in(r, (J) - - 2n:2(1 _ v) . k2 _ (~)2 cos 2+O(r )

(A22)
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(A23)

( qoEcxr- t . 0 °
Tr8 r,O) = 6n2(l_v)·smOcos 2+O(r)

3qoEcxr- t (-It cos kO' . 0 °
Tr8n(r,0) = 4n2(l- v) . k2_ (t)2 sm 0 cos 2+ O(r ).

Thus, the convolution integrals, (AI8), give the stresses as

qoEcx 0( 0)arr = 6n2(l_v)COs 2 l+sin 2

2 r-tr'-"T+O(ro)

qoEcx 0
a88 = cos 3 -r-tr'-"r+O(rO)

6n 2 (1 - v) 2

qoEcx . 0 0 -t ,-" °ar8 = 12n2(l_v)sm cos 2r r T+O(r)

( r') 00 (- l)k cos kO' ( r' )
r = T -t,O'2J(Kt) +2 k~l [1-(2k/WJ T k-t k'2J(Kt)'

The stress state established by equations (AI8) or (A23) represents the fundamental
solution for all boundary-value problems of a wedge. To examine the stresses resulting
from other thermal distributions one need not resolve the stress problem subject to a new
thermal environment. Rather, the stresses may be obtained directly from these results
by considering them in the appropriate way.

For example, consider the case of heat emission from a source, stationary to the
coordinate system (x, y), and past which the medium moves with constant velocity V in
the direction of the positive x-axis. The corresponding stress state at time t and the location
(x, y) due to the heat qo dt' emitted at t' is then by (AI8) simply,

a0= {aiJ{x-v(t-t')},y,(t-nJdt'. (A24)

For heat emission constant in time, as t -> 00, a steady thermal regime is established
in the medium and a quasi-static thermoelastic stress state, aij(x, y, V), results.

(Received 18 January 1968)

A6CTpaKT-l1ccJle,1lYIOTCH 3lj1lj1eKThi BOJHI1KHOBeHl1l1 TenJla BCJle,1lCTBl1e nJlaCTl1'leCKI1X ,1leljlopMal.\I1H, KOTophle

nOllBJllIlOTCli Ha BepllJl1He ,1lBl1lKYllJeHCa TpellJl1Hh/ B KBaJI1-xpynKl1x MaTeplfaJlax. PaCCMaTplfBafOTClI

I1JMeHeHl1l1 B OKpYlKalOllJl1M nOJle ynpyrlfx HanplilKeHI1H, ,1lJlll CJlY'Iali JloJly-6oeCKOHe'lHOH, ,1lBlflKYll.\eikll

TpellJlfHbI, C 110CTOllHHOH CKOpOCTblO. KOHCTaHTl1pyeTclI, 'ITO Hanpll)l(eHlfll, HenOCpe,1lCTBeHHO npe,1llfre

CTBylOllJlfe pacnpOCTpaHlIlOwylOCli Tpell.\I1HY, YMeHhwalOTClI, C TO'lKIf JpeHlfli I1HTeHCIfBHOCTIf, KaK

eCTeCTBeHHoe CJle,1lCTBl1e Heo6paTlfMOCTI1 MaTep"aJla. BeJlI1'1I1Ha 3Toro YMeHhllJeHl1l1 yBeJlIf'lI1BaeTCli

C nOBhlllJeHl1eM CKOpOCTI1 TpeLl.\I1HbI


